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Finite element analyses 
A B S T R A C T   
Encased stone columns are vertical inclusions in soft soils formed by gravel wrapped usually with a geotextile. 
Their critical length is the one where further lengthening of the column provides a negligible improvement and it 
is therefore not effective to build columns longer than it. This paper aims to obtain common values of the critical 
length using simplified two-dimensional axisymmetric and full three-dimensional finite element analyses. A 
uniform soft soil layer with a linear elastic perfectly plastic behaviour is considered for the sake of simplicity. For 
the studied cases, the critical column length is around 1.3–2.5 times the footing diameter for encased stone 
columns, and slightly lower for ordinary stone columns, namely around 1.1–1.9. The critical length of the 
encasement is found to be slightly lower than the critical column length. The value of the critical column length 
is related to the extent of plastic deformation and that may be used to decide the column length in the design 
phase without the need of parametric analyses. As a first approximation, a general value of the critical column 
length of 2 and 2.5 times the footing diameter may be considered for ordinary and encased stone columns, 
respectively.   
1. Introduction 
Ground improvement using stone columns is a popular technique to 
improve soft soils for foundation of embankments or structures (e.g., Al 
Ammari and Clarke, 2018; Barksdale and Bachus, 1983; Bong et al., 
2020; Etezad et al., 2018; Kirsch and Kirsch, 2010; Han, 2015; Hos-
seinpour et al., 2019; Lima et al., 2019; Ong et al., 2018; Siahaan et al., 
2018). In very soft soils, ordinary stone columns may not be suitable 
because of the lack of lateral confinement (cu ≤ 5 − 15 kPa) (e.g., Wehr, 
2006). In those cases, encasing the columns with geotextiles or other 
geosynthetics has been a successful solution in recent years (e.g., Alex-
iew and Raithel, 2015; Alkhorshid et al., 2019; Almeida et al., 2019; 
Cengiz and Güler 2018; Ehsaniyamchi, and Ghazavi, 2019; King et al., 
2018; Li et al., 2020; Nagula et al., 2018; Schnaid et al., 2017). 
Ordinary stone columns (OSC) and encased stone columns (ECS) may 
reach a rigid substratum (end-bearing columns) or may be embedded 
just on a soft soil layer (floating columns). For the latter case, the length 
of the columns is an important design parameter to be chosen. In some 
cases, it may be more cost-effective to add additional columns than 
increasing the length of the columns. In this way, the concept of the 
critical length of stone columns appears. It is the column length where 
further lengthening of the column provides a negligible improvement (e. 
g., settlement reduction) and it is therefore not effective to build col-
umns longer than it. For columns longer than the critical length, the 
improvement achieved with stone columns does not notably change or 
increase. Although the load transfer mechanisms and the reasons for the 
critical length are different from piles, the meaning of the concept of 
critical length is equivalent (e.g., Fleming et al., 2009). 
Although there are several proposals for the critical length of the 
columns (Lcr), the available information could be confusing as detailed 
in the next section. Besides, the topic is marginally treated as a part 
within more general papers. To the best of the authors’ knowledge, this 
is the first paper specifically devoted to the critical length of ESC. 
Detailed and comprehensive numerical analyses are presented to eval-
uate the critical column length and parametric analyses are presented, 
providing guidance for future designs. 
A literature review is first presented in Section 2, summarizing the 
different proposals for Lcr; next, the numerical models for the proposed 
study are presented in Section 3 and the results and their discussion are 
covered in Section 4. In Section 5, partially encasing the column is 
studied. The paper concludes with the theoretical justification for Lcr and 
design recommendations (Section 6) and the conclusions. 
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2. Literature review 
Hughes and Withers (1974) seem to be the first authors to study the 
critical length of OSC using laboratory tests. They used small scale 
laboratory tests and a footing diameter (D) equal to that of the column 
(dc). They found that a bulging zone was developed in the upper part and 
proposed Lcr = 4D. Since then, several authors have studied its value. A 
review of these different proposals for Lcr may be found in Table 1 and, 
for example, in Babu et al. (2013) for OSC. The values show some range 
of variation and, in many cases, they are given as a function of dc, but in 
others, as a function of the footing width or diameter (B or D, 
respectively). 
Castro (2014) for OSC and Castro (2017a) for ESC showed that the 
column length to diameter ratio (L/dc) (slenderness of the column) has a 
minor influence (second order effect) on the ground improvement ach-
ieved with stone columns and the ratio L/B plays a major role. Hence, Lcr 
should be better expressed in terms of the footing dimensions (B or D). 
The source of confusion could be that for piles the critical length is given 
as a function of the pile diameter, i.e. the slenderness ratio (e.g., Fleming 
et al., 2009), and that in the original proposal by Hughes and Withers 
(1974), D happened to be the same as dc. 
A reanalysis of the values shown in Table 1 in terms of D or B instead 
of dc provides reasonable values and a narrower range of variation for 
the critical column length. For example, in McKelvey (2002), dc = 25 
mm, D = 100 mm, Lcr = 150 mm, and then, Lcr = 1.5 D; in Najjar et al. 
(2010), dc = 20 mm, D = 71 mm, Lcr = 120 mm, and then, Lcr = 1.7 D. 
The precision of the critical length obtained from some laboratory tests 
is limited because few column lengths are normally tested. 
Muir Wood et al. (2000) pointed out the importance of the defor-
mation mechanism beneath the footing. Castro (2017b) conceptually 
showed that the critical column length for bearing capacity depends on 
the failure mechanism (Fig. 1a) and the critical column length for set-
tlement reduction is related to the extension of the pressure bulb 
beneath the footing (Fig. 1b). Since the critical length is larger for set-
tlement reduction, this is the one that is normally used. The pressure 
bulb is a useful concept, but it is strictly only valid for an elastic 
behaviour, which is not usually the case for an efficient design of OSC or 
ESC. Castro et al. (2019) showed that the critical column length is 
related to the extension of plastic deformation in the soil and column 
(Fig. 1c). 
The concept of critical column length is useful only for footings or 
small groups of columns because for large loaded areas (e.g., embank-
ments), the critical length is larger than the soft soil layer thickness and 
then, there is no critical length in practise (e.g., Yoo, 2010). 
3. Numerical models 
Finite element analyses, using the Plaxis codes (Brinkgreve et al., 
2018, 2019), were performed to study the critical column length. 
Additionally, the critical encasement length was also analysed. Both 
two-dimensional (2D) and three-dimensional (3D) models were 
considered. The study started with a simple reference case and para-
metric studies were performed to analyse the influence of several pa-
rameters on the critical column length. 
3.1. Basic assumptions 
The soft soil and the stone columns were modelled as continuum 
elements and the geosynthetic encasement was modelled as an element 
that has only normal stiffness, i.e. it only has translational degrees of 
freedom at their nodes and can only sustain tensile stresses. The bottom 
boundary was fixed and roller vertical conditions were assumed for the 
lateral boundaries. 
Perfect bonding between soil, columns and their encasements at their 
interfaces was modelled, as it is common practice (e.g., Keykhosropur 
et al., 2012), because they are tightly interlocked. The rigid footing was 
Notation 
ar Area replacement ratio: ar = Ac/Al 
c Cohesion 
dc Column diameter 
K0 Coefficient of lateral pressure at rest 
papp Uniform applied vertical pressure 
s Centre-to-centre column spacing 
sz Settlement 
sz0 Settlement without columns 
x,y,z Cartesian coordinates 
A Cross-sectional area 
B Footing width 
D Footing diameter 
E Young’s modulus 
Em Oedometric (constrained) modulus: Em = [E(1 − ν)] /[(1 +
ν)(1 − 2ν)]
H Soft soil layer thickness 
Jg Encasement stiffness 
L Column length 
Lg Encasement length 
Lcr Critical column length 
Lg,cr Critical encasement length 
β Settlement reduction factor: β = sz/sz0 
γ′ Effective unit weight 
ν Poisson’s ratio 
φ Friction angle 
ψ Dilatancy angle 
Subscripts / superscript 
c,s,g,l column, soil, encasement, loaded area  
Table 1 
Values of the critical column length. Literature review.  
Reference Column Type S/ 
Gc 
ar (%) Lcr Lcr = f 
(D)a 
Black et al. (2011) OSC Lab. S/ 
G 
17–40 8-10 dc 3.3–4.3 
D 
Dash and Bora 
(2013) 
OSC Lab. Sb 44 ≤5 dc ≤3.3 D 
Hughes and Withers 
(1974) 






Num. S 19 7.5 dc 3.2 D 
McKelvey (2002) OSC Lab. G 24 6 dc 1.5 D 
Muir Wood et al. 
(2000) 
OSC Lab. Gb 10–30 1.5 B  
Najjar et al. (2010) OSC Lab. S 8–18 6 dc 1.7 D 
Ng (2017) OSC Num G 20–70 1.2–2.2 
D  
Remadna et al. 
(2020) 
OSC Num G 18–36 1.2–2 D  
Tan et al. (2014) OSC Num G 20–70 1.3-2 D  
Wehr (2004) OSC Num. G 58 1.7 D  
Zhou et al. (2017) OSC Num. G 10–40 2 B  
Lab.: Laboratory tests; Num.: Numerical analyses. 
a Reanalysis proposed here. 
b Additional columns outside the footing. 
c Single (S) or group (G) of columns (S/G). 
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assumed as perfectly rough and modelled as a very stiff plate (EA = 1010 
kN/m and EI = 1012 kN m2/m) that produces uniform settlements. 
All the numerical simulations were performed using a small strain 
formulation. The footing, the geosynthetic encasement and the column 
were “wished-in-place”, ignoring the changes in the natural soil due to 
column construction, such as for example in soil stiffness and in K0 (e.g., 
Castro and Karstunen, 2010). Drained conditions were assumed for all 
the process, i.e. no excess pore pressures were generated. Geostatic 
initial stresses were generated using the effective soil unit weight (γ′ ) 
and the coefficient of lateral earth pressure at rest, K0 = 0.6. For 
simplicity, the ground water level was assumed to be at the ground 
surface and an effective unit weight of γ′ = 10 kN/m3 for soil and column 
was directly considered without modelling pore water pressures. The 
applied pressure on the footing, papp, is 100 kPa for the reference case. 
3.2. 2D models 
Plaxis 2D 2019 (Brinkgreve et al., 2019) was used to represent a 
simplified 2D axisymmetric model of only one centered column beneath 
a rigid circular footing. This 2D simplified model reproduces similar 
values of the footing settlement than those of a full 3D model of a group 
of columns with the same area replacement ratio and the same ratio 
between the encasement stiffness (Jg) and the column diameter (Castro, 
2017a). The concentric ring approach (e.g., Castro, 2017b; Ng, 2017) 
would be better to consider the location of the columns but it is not clear 
how to model the confinement effect of the geotextile encasement. As 
this work is focused on ESC, it was decided to use the single central 
column approach. The area replacement ratio (ar) is the ratio between 
the area of the columns and the loaded area, i.e. footing area in this case. 
For the reference case, the footing diameter, D, is 2.5 m and the 
column diameter (dc =1.37 m) was chosen to give an area replacement 
ratio of ar = 30%. The soil profile was simplified to only one homoge-
neous soil layer, with a thickness of H = 10 m (Fig. 2). Both the soil and 
column were modelled as linear elastic-perfectly plastic materials using 
the Mohr-Coulomb yield criterion and a non-associated flow rule 
(“Mohr-Coulomb model”). Common values were chosen for the soil and 
column parameters (Table 2). A stiffness of Jg = 2 MN/m was taken for 
the geosynthetic encasement and a null Poisson’s ratio (νg = 0) because 
the geosynthetic encasement was assumed to have two major directions 
(radial and longitudinal), which behave independently (e.g., Soderman 
and Giroud, 1995; Castro, 2016). 
The column length was varied from L = 10 m (end-bearing column, 
L/H = 1) to L = 0 m (no column) in steps of 0.5 m. The critical column 
length was identified from the variation of the settlement reduction 
factor with the column length. The settlement reduction factor (β) is the 
ratio between the settlement with columns and the settlement without 
columns (sz/sz0). Parametric analyses were performed using the refer-
ence case and varying the value of the parameters as shown in Table 3. 
The case with Jg = 0 is equivalent to no-encasement (OSC) and all the 
parametric analyses were performed for both ESC and OSC. 
From the calculations, some mesh sensitivity (of around 3%) was 
observed between different cases, but the same mesh was used to 
identify each critical column length, i.e. for each case with different 
column lengths (Fig. 2). 
3.3. 3D models 
The 2D models have been complemented with 3D analyses using 
Plaxis 3D 2018 (Brinkgreve et al., 2018) for verification purposes, i.e. to 
check that the critical column length and the trends observed with the 
2D model are the same for the corresponding 3D cases. 
Equivalent cases only to the 2D reference case were modelled in 3D. 
A square footing with the same area as the 2D footing, i.e. B = 2.21 m, 
was considered. Four columns beneath the footing were modelled and 
their diameter dc = 0.68 m was chosen to have the same area replace-
ment ratio as that in the 2D reference case, i.e. ar = 30%. The encase-
ment stiffness (Jg=1 MN/m) was again chosen to have the same Jg/dc 
ratio as that in the 2D reference case. OSC, i.e. Jg = 0, were also simu-
lated. The same single homogeneous soil layer of H = 10 m was 
modelled and the soil and column properties were the same (Table 2). 
Due to symmetry, only one quarter of the model was numerically rep-
resented (Fig. 3). 
The column length was also varied from L = 10 m (end-bearing 
column, L/H = 1) to L = 0 m (no column) in steps of 0.5 m and column 
length vs. settlement reduction curves were plotted to get the critical 
column length. The spacing between the columns was varied (s=0.9, 1.2 
Fig. 1. Justification of critical column length in a homogeneous soil layer: (a) 
Bearing capacity; (b) Settlement reduction in elastic materials linked to pres-
sure distribution; (c) Settlement reduction in elasto-plastic materials related to 
plastic deformation. 
Fig. 2. 2D finite element model. Reference case.  
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and 1.5 m) (Fig. 4) to study its influence in the critical column length. It 
is worth noting that varying the spacing between the columns here does 
not imply changing ar, and it only changes the column relative position 
within the footing. 
In the 3D calculations, some mesh sensitivity was observed (less than 
3% for the simulated cases), but again the same mesh was used to 
identify each critical column length, i.e. for each case with different 
column lengths (Fig. 3). 
4. Results and discussion 
The results of the parametric study are presented in the following. 
For each case, the variation of the settlement reduction with the column 
length was obtained. This variation, which shape is similar to an “S”, 
was interpreted to obtain Lcr. The procedure to determine Lcr was to fit 
two lines to the two straight parts of the data obtained and the inter-
section of both lines provides the value of Lcr (Fig. 5). The procedure is 
somehow analogous to the obtention of the end of primary consolidation 
in a consolidation curve using Casagrande’s method. For each straight 
part, a linear regression was performed using the least minimum square 
procedure and to be consistent, both lines were fitted, when possible, to 
the same ranges of values, namely the 4 values between 0.6 and 1.2 L/D 
and the 4 values in the range 2.4 and 3 L/D. 
4.1. Area replacement ratio 
The area replacement ratio is usually the key parameter in a stone 
column treatment. Here, it was varied between 10% and 100%, varying 
the column diameter (dc) and keeping the same footing dimensions (D =
2.5 m). On the other hand, the influence of the encasement is controlled 
by its stiffness, or more precisely, by the Jg/dc ratio. Therefore, Jg was 
also varied to keep the Jg/dc ratio constant. The settlement for the un-
improved soil is approximately sz0 = 12.3 cm. Fig. 6a portrays the results 
for ESC and Fig. 6b for OSC. As expected, lower settlements are obtained 
for encased columns, larger area replacement ratios and longer columns. 
In addition, Fig. 6 clearly shows that there is a critical column length 
(Lcr), beyond which the settlement reduction is small. For OSC, the 
settlement reduction beyond Lcr is not visible, while for ESC, there is a 
minor reduction of the settlement (this reduction is minor because 
mainly elastic strains exist as explained in Section 6). 
The critical column length is larger for ESC than for OSC (Fig. 7) as 
expected, because ESC transfer the applied stresses deeper into the 
ground. Additionally, for ESC, the critical length decreases with ar, while 
this variation is negligible for OSC. Muir Wood et al. (2000) argued that, 
for higher ar, the pressure bulb (Fig. 1b) should be deeper because the 
average stiffness is larger. Tan et al. (2014) found larger critical (opti-
mum) lengths for higher ar and OSC using finite element simulations. 
However, as analysed in detail in Section 6, for ESC the influence of 
plastic strains is the controlling mechanisms (Fig. 1c), and then, for 
larger ar, the extension with depth of the plastic strains is shorter, which 
justifies the lower value of Lcr with ar. 
4.2. Encasement stiffness 
The encasement stiffness (Jg) is also a decisive parameter for ESC. It 
was varied between 0 (i.e. no encasement, OSC) and 5 MN/m to cover a 
wide range of values used in practice (e.g., Alexiew and Raithel, 2015). 
As already known, the settlement is further reduced for stiffer encase-
ments (Fig. 8). Interestingly, for short columns, namely L/D < 1, the 
encasement has a negligible influence on the settlement reduction. This 
is because, in short columns, the settlement occurs mainly by punching 
of the column tip and lateral bulging of the column is negligible. 
Therefore, encasing the column is not useful in those cases. 
Table 2 
Soil and column properties for the reference case.  
Material E(MPa)  ν(-)  c(kPa)  φ(◦)  ψ(◦)  γsat(kN/m3)  
Soil 2 0.33 5 25 0 20 
Column 30 0.33 0.1 45 10 20  
Table 3 
Summary of parametric analyses.  
Parameter Values 
ara  10, 30, 50, 70, 100% 
Jg 0, 0.5, 1, 2, 3, 4, 5 MN/m 
cs,φs  (3, 23) (5, 25) (7, 27) (9, 29) (11, 31) (kPa, ◦) 
φc, ψc  (35, 0) (40, 5) (45, 10) (50, 15) (◦, ◦) 
papp  20, 100, 200 kPa 
Db  1, 2, 2.5, 3 m 
H  7.5, 10, 12.5, 15, 17.5, 20 
Es 0.5, 1, 2, 5 MPa 
Ec 10, 30, 80 MPa 
In boldface: values of the reference case. 
a Varying dc and Jg , keeping constant Jg/dc ratio. 
b Also varying, dc, Jg and papp to keep constant ar , Jg/dc and papp/ (γD) ratios. 
Fig. 3. 3D finite element model (s = 1.25 m). Encasement and soil surrounding 
the column are not shown for visualization of the column. 
Fig. 4. Variation of column relative position in the 3D model (only one quarter 
was modelled). Fig. 5. Procedure to determine Lcr. Reference case for encased columns.  
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Nevertheless, those cases are not recommended for design. 
The critical column length increases with Jg, because the vertical 
stresses are transferred deeper into the original soft soil. Fig. 9 shows 
that the critical column length is clearly larger for ESC than for OSC, as 
already shown in Fig. 7. In Fig. 9, the influence of the geotextile stiffness 
is more noticeable in cases with smaller ar because the encasement 
contribution is controlled by the Jg/dc factor and in this study, the 
changes in the area replacement ratio have been simulated by varying 
the diameter of the column. Consequently, smaller ar, values correspond 
to smaller column diameters and better confinement provided by the 
encasement. 
4.3. Soft soil strength 
For the applied load in the reference case (papp = 100 kPa), signifi-
cant plastic strains are developed in the soft soil. Thus, the settlement of 
the footing decreases with an increase in the soft soil strength. For 
example, the settlement of the footing without column decreases from 
sz0 = 12.3 cm for the reference case, i.e. cs = 5 kPa and φs = 25◦, to sz0 =
8.35 cm for the case with cs = 11 kPa and φs = 31◦. As already done for ar 
and Jg, the variation of the settlement reduction is plotted against the 
column length for different soft soil strengths (Fig. 10) to study the in-
fluence of the soft soil strength on the critical column length. In Fig. 10, 
the normalized value of the settlement, i.e. the settlement reduction, is 
plotted. This means that for each soft soil strength the settlement is 
normalized by different sz0 values. For brevity, only the soft soil friction 
angles are depicted in the figure, but they also imply changing the soft 
soil cohesion accordingly (please, refer to Table 3). 
The improvement achieved with the column treatment is usually 
larger for a softer soil (Fig. 10), but for short columns (L/D < 1), which 
are not recommended for design. For the largest soil strength (namely, 
cs = 11 kPa and φs = 31◦), the location of the critical column length is not 
so apparent because the transition between column lengths where the 
settlement is clearly reduced and those where it is not is smooth and 
elastic strains get noticeable. 
The critical column length progressively decreases with the soft soil 
strength (Fig. 11), for example, for ESC from Lcr = 2D for (cs = 3 kPa and 
φs = 23◦) down to Lcr = 1.4D for (cs = 11 kPa and φs = 31◦). The vari-
ation for OSC and ESC is similar and, in both cases, tends to a similar 
asymptotic value. This variation is related to the extension of the plastic 
Fig. 6. Variation of the settlement reduction with normalized column length 
for different area replacement ratios: (a) ESC; (b) OSC. 
Fig. 7. Normalized critical column length for different area replacement ratios.  
Fig. 8. Variation of the settlement reduction with normalized column length 
for different encasement stiffnesses. 
Fig. 9. Critical column length for different encasement stiffnesses (normalized) 
and area replacement ratios. 
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zone (Fig. 1c) as it will be shown in Section 6. On the other hand, the 
asymptotic value is related with a purely elastic behaviour of the soft 
soil. 
4.4. Column friction angle 
The column friction angle has been varied from 35 up to 50◦ in 
combination with the dilatancy angle (see Table 3, corresponding values 
between 0 a 15◦). An independent variation of the dilatancy angle has 
shown to have a negligible influence on the critical length, as has been 
numerically checked for the reference case (see Figures S1 and S2 of 
supplementary material). Therefore, it was chosen to vary the dilatancy 
angle in combination with the friction angle to avoid unrealistic pairs of 
values, if the friction angle were varied independently (e.g., φc = 35◦
and ψc = 10◦ (value for the reference case)). 
The results show that an increase in the friction angle of the column 
reduces the settlement (Fig. 12), and this contribution is more notable in 
the case of OSC (Fig. 12b) as they are not confined laterally. Regarding 
the critical column length, it increases with the column friction angle in 
a similar manner for both OSC and ESC (Fig. 13) because, when the 
column strength is higher, it takes more load and transfers the load 
deeper. 
4.5. Applied load 
Fig. 14 shows the variation of the settlement reduction with the 
column length for different applied loads, i.e. applied pressures. For ESC 
(Fig. 14a), the trends are clear and also their interpretation. An increase 
in the applied pressure causes a deeper extension of the plastic strains 
and consequently, the critical length increases (Fig. 15), in an analogous 
manner to a reduction in the soft soil strength (Fig. 11). For papp = 20 
kPa, the response is mainly elastic (Figure S3 of Supplementary Mate-
rial), and thus, the corresponding curve in Fig. 14a is smooth without a 
sharp bend at Lcr and a continuous slope after Lcr. For OSC, the critical 
length follows a similar variation (Fig. 15), although this is not so clearly 
visible in Fig. 14b. The increase of the column critical length with papp is 
larger in ESC than in OSC, because ESC have more capacity to transmit 
the load deeper and to produce plastic strains in the soft soil at larger 
depths. 
4.6. Soft soil layer thickness 
For floating columns embedded in a deep soft soil layer, the soft soil 
layer thickness (H) has a negligible influence in practice. In the pre-
sented numerical analyses (constant stiffness of the soft soil with depth), 
the value of the settlement increases with H, and the settlement 
Fig. 10. Variation of the settlement reduction with normalized column length 
for different soil strengths: (a) ESC; (b) OSC. 
Fig. 11. Critical column length for different soft soil strengths.  
Fig. 12. Variation of the settlement reduction with normalized column length 
for different column strengths: (a) ESC; (b) OSC. 
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reduction factor slightly increases with H (Fig. 16). For those cases, the 
column critical length remains constant (Fig. 17). Only when H starts to 
be comparable to the column critical length (e.g., H/D < 3), the value of 
Lcr is reduced, and ultimately (e.g., when H/D < 1.5) both H and Lcr are 
the same, i.e. H = Lcr, end-bearing columns. 
4.7. Footing diameter 
As already mentioned, the area replacement ratio is a key parameter 
in a stone column treatment (e.g., Castro et al., 2013; Miranda et al., 
2015). On the other hand, the influence of the encasement is controlled 
by its stiffness, or more precisely, by the Jg/dc ratio. This ratio may be 
expressed in dimensionless form as Jg/(Emsdc) (Castro and Sagaseta 
2013). Besides, the applied load may be normalized as papp/(γH) for 
end-bearing columns (Castro and Sagaseta 2009). For floating columns 
(large H/D ratio, e.g., H/D > 3), the soft soil layer thickness shall be 
replaced by the footing dimensions, i.e. papp/(γD). 
Here, it was decided not to vary the footing diameter (D) just on its 
own since it would imply changing the area replacement ratio … but to 
vary it keeping the above 3 dimensionless parameters constant, namely 
ar, Jg/dc and papp/(γD) (i.e. increasing dc, Jg and papp for an increase in D). 
The results are present in Fig. 18. It may be concluded that the 
normalized critical length (Lcr/D) does not change (Fig. 17) and the 
Fig. 13. Critical column length for different column strengths.  
Fig. 14. Variation of the settlement reduction with normalized column length 
for different applied pressures: (a) ESC; (b) OSC. 
Fig. 15. Critical column length for different applied pressures.  
Fig. 16. Variation of the settlement reduction factor with normalized column 
length for different thicknesses of the soft soil layer. ESC. 
Fig. 17. Critical column length for different thicknesses of the soft layer and 
footing diameters. ESC. 
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proposed dimensionless parameters are suitable for presented the 
analysis. 
4.8. Stiffness 
The column stiffness was varied between 10 and 80 MPa, but it plays 
a minor role because the column behavior is mainly plastic. Only for Ec 
= 10 MPa, the settlement reduction is larger (around 0.58 for ESC) 
because in that case, the elastic compression of the column is important, 
but in any case, the column critical length does not notably change 
(Figure S4 and S5 of Supplementary Material). 
On the other hand, soil stiffness has been varied between 0.5 and 5 
MPa. Results show that an increase in soil stiffness reduces the 
settlement reduction factor (Fig. 19), and this trend is more apparent in 
the case of ESC (Fig. 19a). Critical column length decreases with soil 
stiffness for both ESC and OSC (Fig. 20). In softer soils, the lateral 
confinement provided to the column by the surrounding soil is lower, 
and consequently, the plastic strains develop deeper, and Lcr increases. 
4.9. 3D models 
Similar settlement reduction factors were obtained for the 3D models 
and for the 2D axisymmetric model with an equivalent central column 
for ESC (Fig. 21). Some differences were found for short columns (L/D <
1). In these cases, the differences are related to the specific location of 
the column because the equivalent column is in the centre of the footing 
in the 2D analyses and it mainly acts in the active zone (Fig. 1a). On the 
contrary, the columns are not just acting in this area for the 3D analyses, 
but on the radial shear zones as well. Comments above are also valid for 
OSC (Figure S6 of Supplementary Material). 
In any case, the critical column length in the 3D models is approxi-
mately the same as in the 2D model (slightly larger in the 2D model 
because of the central position of the column) (Fig. 22). Therefore, the 
simplification made by using 2D axisymmetric models is valid to identify 
trends in the parametric study and to obtain the critical column length 
with a lower computational effort and in a slightly conservative way. 
5. Critical encasement length 
So far, the encasement length has been assumed to be equal to the 
column length, i.e full column encasement Lg = L, but some authors 
proposed to partially encase the columns. For example, Murugesan and 
Rajagopal (2006) found numerically that it was enough to encase only 
the upper 2dc(=2D), Muzammil et al. (2018) numerical simulations 
shows an optimal encasement length for settlement reduction of 6 times 
the column diameters, while others recommend full column encasement 
(e.g., Gniel and Bouazza, 2009; Xu et al., 2021; Yoo and Abbas, 2019). 
Besides, some authors conclude that the optimum encasement length 
depends on the problem properties, e.g., characteristics of the in situ soft 
soil and the stiffness of the sleeve (Wu et al., 2009). A particular 
conclusion was found by Dash and Bora (2013), when studying the in-
fluence of partially encasing the columns using small scale laboratory 
tests, because they found that some partially encased floating columns 
were superior to the fully encased ones because it produces an enlarged 
base for the column. 
To systematically analyse the critical encasement length, Lg,cr, nu-
merical analyses are here performed varying both the column and 
encasement lengths between 2 and 10 m, obviously Lg ≤ L. Results for 
the reference case (i.e. ar = 30% and J = 2 MN/ml) are presented in 
Fig. 23. For short columns (e.g., L = 2 and 3 m), increasing the 
encasement length is clearly beneficial until its length is the same as the 
column length, without a more horizontal part of the settlement 
Fig. 18. Variation of the settlement reduction with normalized column length 
for different footing diameters. ESC. 
Fig. 19. Variation of the settlement reduction with normalized column length 
for different soft soil stifnesses: (a) ESC; (b) OSC. Fig. 20. Critical column length for different soft soil stiffnesses.  
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reduction factor vs. encasement length curve. This means that the col-
umns are better fully encased and that the critical encasement length for 
these cases is equal to the column length (Lg,cr = L). However, short 
columns are not recommended because L < Lcr. For longer columns (e. 
g., L>4 m in this case), the critical encasement length is no longer the 
column length, i.e Lg,cr < L. 
Values of the critical encasement length for different area replace-
ment ratios and columns lengths are presented in Fig. 24. The critical 
encasement length reaches a constant value approximately when L/ D >
2.5 for this case. The influence of the encasement stiffness has also been 
studied (Figure S7 of Supplementary Material), and similar trends for J 
= 0.5 and 5 MN/ml are observed. The critical encasement length slightly 
increases with higher geotextile stiffnesses, as the applied load is 
transmitted deeper. On the other hand, the critical encasement length 
reduces with the increment of area replacement ratio (Fig. 24) as a 
higher part of the load is withstand by the column for higher area 
replacement ratios reducing the depth where plastic strains develop. 
Both trends are similar to the ones presented before for the critical 
column length but values of critical encasement length are slightly lower 
as presented in Table 4. Therefore, from a theoretical point of view the 
critical encasement length is slightly lower than the critical column 
length. 
Leaving the column tip without encasement could also contribute to 
create an enlarge column tip (Dash and Bora, 2013), whose effect has 
not been considered in the presented numerical simulations. On the 
other hand, leaving the column tip without encasement has disadvan-
tages for the column construction process and consequently, it is not 
generally cost-effective. Thus, encasing the full column length is usually 
the best option. When partial encasement could be calculated as bene-
ficial (e.g. Murugesan and Rajagopal, 2006), it will be more economical 
in most cases to reduce the whole column length and keep the full 
encasement of the column. 
6. Improvement mechanisms 
As explained in Section 2 (Literature review), the pressure bulb 
(Fig. 1b) is a useful concept to study the critical column length and to 
justify the dependence of the critical column length on the footing size. 
However, the pressure bulb is strictly valid only for an elastic behaviour, 
and the extension of the plastic deformation (Fig. 1c) is better correlated 
with the critical column length (Castro et al., 2019). Here, this corre-
lation is analysed in detail for ESC, and the conclusions are comparable 
to those for OSC (Castro et al., 2019). 
An analysis of the plastic points for the reference case (Fig. 25) shows 
5 different zones: (1a) a small area beneath the footing (z < 0.24 D) 
where plastic strains are restrained by the footing roughness; (1b) a 
Fig. 21. Settlement reduction factor for the reference 2D model and 3D cal-
culations with different distances between columns. ESC. 
Fig. 22. Critical column length for different column dispositions under 
the footing. 
Fig. 23. Variation of settlement reduction with encasement length for different 
column lengths. Reference case (ar = 30%, J = 2 MN/ml). 
Fig. 24. Critical encasement length for different area replacement ratios.  
Table 4 
Values of critical column and encasement length for different area replacement 
ratios and geotextile encasement stiffnesses.  
Lcr/Lg,cr ar (%) 
J (MN/ml) 10% 30% 50% 
0.5 1.7D/1.4D 1.6 D/1.3D 1.5D/1.1D 
2 1.8D/1.5D 1.7D/1.3D 1.6D/1.1D 
5 2.0D/1.7D 1.8D/1.3D 1.6D/1.2D  
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region (z < 0.56 D) where the encasement of the column provides 
enough lateral confinement to the column so that there are not plastic 
strains in the immediate vicinity of the column; (2) a region (z < 1 D) 
where plastic strains appear in the surrounding soil due to the lack of 
lateral confinement in the column; (3) a region where plastic strains are 
just present in the column (z < 1.75 D); and (4) a region where there are 
only elastic strains (z > 1.75D). 
These five different zones may also be identified in the variation of 
the settlement reduction factor with the column length (Fig. 26): (1a) 
the settlement is slightly reduced because the column affects mainly the 
rigid soil wedge beneath the footing; (1b) a light reduction of the set-
tlement is present as lateral confinement provided by the encasement is 
getting mobilized and columns still affect mainly the rigid soil wedge; 
(2) an important reduction of the settlement is visible because plastic 
strains are reduced both in the soil and column; (3) the settlement is 
reduced by a smaller amount because the column reduces plastic strains 
mainly near the column tip; and (4) the reduction of settlement is 
marginal as the column reduces only elastic strains. 
For practical purposes, regions 2, 3 and 4 are the relevant ones. For 
OSC (Fig. 27 and Fig. 28), region (1b) does not exist, but the regions and 
the trends are equivalent. For the 3D models, similar results are found 
(Fig. 29). Only the extension of the plastic points is slightly shorter when 
the columns are near the footing edges (e.g., s = 1.5m), which is 
consistent with the slightly shorter values of the critical length for those 
cases (Fig. 22). 
It is worth remarking that a simple linear elastic perfectly plastic 
model (“Mohr-Coulomb”) was used for the soil and the column, and 
Figs. 25 and 28 show plastic point history, i.e. all the integration (stress) 
points that have ever been in a plastic state. Similar results are expected 
when using more advanced models, but in those cases, failure or critical 
state points should be analysed. 
Similar results are found for other cases, for example, for twice the 
footing diameter (D=5 m) (Figures S8, S9, S10 and S11 of Supplemen-
tary material). In those cases, the extension of the plastic strains (zones 2 
and 3) is reduced due to the proximity of the rigid bedrock, but the 
correlation between plastic strain zones and the variation of the settle-
ment reduction with the column length is kept. On the other hand, there 
are some cases where plastic strains are less important and elastic strains 
play an important role (e.g., papp = 20 kPa in Fig. 14; φs = 31◦ in Fig. 10; 
ar = 100% in Fig. 6). In these cases, the settlement for zone (4) is 
Fig. 25. Plastic points (in red) for the reference case. ESC.  
Fig. 26. Settlement reduction factor variation with column length for the 
different plastic zones of the reference case. ESC. 
Fig. 27. Plastic points (in red) for the reference case. OSC.  
Fig. 28. Settlement reduction factor variation with column length for the 
different plastic zones of the reference case. OSC. 
Fig. 29. Plastic points (in red) for the reference case (ESC) in 3D analyses with 
different spacings between columns and 2D analysis. 
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proportionally more important and the slope of the final part of the 
settlement reduction vs. column length does not look horizontal. How-
ever, the absolute value of the settlement caused by those elastic strains 
is not usually important. 
The advantage of considering the plastic zones is that their extension 
is approximately constant for columns longer than the critical column 
length. Thus, it is not necessary to perform a parametric analysis varying 
the length of the columns and it is enough to study the case with end- 
bearing columns or columns longer than Lcr to identify the extension 
of the plastic zones. 
7. Conclusions 
This paper presents, for the first time, a systematic analysis of the 
critical length of ESC and the critical length of their encasement. The 
analysis is based on parametric numerical simulations and therefore, the 
conclusions are limited to the studied cases and assumptions (e.g. a 
unique soft soil layer with constant stiffness). A reanalysis of informa-
tion available in the literature and the presented numerical analyses 
show that the critical column length is better expressed as a function of 
the footing width instead of using the column diameter. 
The performed parametric analyses show values of critical column 
lengths in the range of Lcr = 1.1 to 1.9D for ordinary stone columns and 
slightly higher values in the case of encased stone columns varying be-
tween Lcr = 1.3 and 2.5D. Critical column length decreases with the 
increment of area replacement ratio, the increment of soil strength and 
the increment of soil stiffness. On the other hand, it reduces when 
increasing encasement stiffness, strength of material forming the column 
and applied pressure. Critical length of the encasement Lg,cr is found to 
be slightly lower than the critical column length Lcr, for instance, in the 
range of Lg,cr = 1.1 to 1.7D for a corresponding range of Lcr = 1.5 to 2.0D. 
Thus, in practice it will be usually better from a construction and 
economical point of view to encase the full column length. 
Results from the finite element analyses show that the critical col-
umn length is related to the zone where plastic deformations are present. 
Hence, during the design phase, it could be enough to identify the extent 
of plastic deformations using finite element analysis in models with 
longer columns than the Lcr. As a first approximation, general values of 
Lcr = 2D and Lcr = 2.5D are here proposed for ordinary stone columns 
and encased stone columns, respectively. 
Appendix A. Supplementary data 
Supplementary data to this article can be found online at https://doi. 
org/10.1016/j.geotexmem.2021.05.003. 
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